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DEFINITION 1.1. Let --co tatb c: co. Then CM[a,b] denotes the set of 
all functions with domain [a,b] that are continuous and strictly monotonic 
there, 
DEFINITION 1.2. Let --co < a < b -c m, and letf E CM[a, b]‘ Then, for each 
positive integer IZ, each fz-tuple x = (XI, x2,, . .,x,,) where a G X, f b (i = 
1,2,..., n), and each n-tuple q = (ql,q2,. . .,q,J where qj 9 0 (j = 1,2,. . -,n> and 
CTEI qj = 1, let M,(x,q) denote the (weighted) meanf-” Q”‘=r qjf(xj)]. For 
the sake of brevity, we say that Y and q are admissible if, for some positive 
integer $2, they are n-tuples satisfying the conditions specified above. 
Remarks. (1) For a detailed treatment of these generalized means, see [Ii3 
Ch. III. (2j Clearly, a G &(x,q) G b holds for al1 admissible x and q* (3) if 
O<a<b,q,=q2=... =q,, = l/n, and f(t) is t-r, log& or t, then M&q) is 
the ordinary harmonic mean, geometric mean, or arithmetic mean, respect- 
ively. (4) Iff, g E CM[a, b] and if g is increasing, then M,(x,q j G M&,qj for 
all admissible x and q if and only if the composite function g o f-r is convex on 
LGk.fCb)l(or VtW@)l). (Cf. iZ P. 75.) 
Suppose that one is given an f E CM[a, b] and that one has to compute 
M&q) for various admissible x and q. Since rounding-off errors may be 
involved in such computations, one is prompted to ask if, given an E =r 0, 
there exists a polynomial with rational coefficients, whose restrictionp to [a, b] 
belongs to CM[a,b], such that [M,(x,q) - M&,q)j < E for all admissible 
x and q. Theorem 2.2 of this paper asserts that such a polynomial exists, It 
turns out that Theorem 2.2 also proves that a certain metric space is separable, 
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(Cf. Corollary 2.1.) The main purpose of this paper is to introduce this metric 
space and to analyze it in detail. 
2. SEPARABILITY OF THE METRIC SPACE OF EQUIVALENCE CLASSES 
First, we observe that, for the purpose of forming means, certain functions 
in CM [a, b] are equivalent. 
LEMMA 2.1 ([I], p. 66). If F, f~ CM[u,b], then M&q) = M&q) fir all 
admissible x and q if and only if there exist real numbers cc (# 0) and /3 such that 
F=cif+P. 
DEFINITION 2.1. We say that functions F, f E CM[a, b] are equivalent, and 
we write F-f, if and only if there exist real numbers cc (~0) and /3 such that 
F=af+P. 
We have the following obvious 
LEMMA 2.2. - is an equivalence relation on CM@, b]. 
DEFINITION 2.2. If f E CM[a, b], then [f ] denotes the equivalence class 
containing f. 
In view of the approximation problem propounded in Section 1, and in view 
of Lemma 2.1, we make the following 
DEFINITION 2.3. Iff, g E CM[u,b], we define the distance ~([f], [g]) between 
[f 1 and kl by p([f I, kl) = sup WfAx,q) - JG(w)l: x and 4 ad~ssibl4. 
Remark. The supremum in Definition 2.3 is actually attained; but we defer 
the proof until the end of the paper. 
THEOREM 2.1. p is a well-defined metric on the set of all equivalence classes of 
CM[u, b]. 
Proof. Observe that IM,(x,q) - M,(x,q) 1 G b - a for all admissible x and q, 
and, therefore, 0 G p([f 1, [g]) G b - a. 
p is well defined since, according to Lemma 2.1 and Definition 2.1, 
I~F(wl) - ~G(wl)l = IJG(x,q) - %7(4q)l 
for all admissible x and q if F - f and G - g. 
Clearly, ~([f], [g]) = 0 if and only if [f ] = [g]. Finally, p is obviously 
symmetric; and, as is easily seen, it satisfies the triangle inequality. 
Next, we prove that the metric space in question is separable. It is convenient 
to contine our attention to the unit interval [0, 11. We start with the following 
lemma, whose proof is evident. 
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LEMMA 2.3. Girlen f E CM[O, 11, there exists precisely one ~~~~t~~~~ 
F E CM[O, 1-j such that F-f, F(0) = 0, md F(1) = 1. 
DEFINITION 2.4. If FE CM[O, 11, F(0) = 0, and F(l) = 1, then we say &at 
F is canonical. 
According to Lemma 2.3, each equivalence class of CM[O,l] contains 
precisely one canonical function. 
THEOREM 2.2. Suppose that f E CM[O, l]. Then, corresponding to en& E > 0, 
there exists a canonical polynomial2 p with rational coeficients mch that 
P([fl: LPI) G E- 
PPOO~. We can assume without loss of generality that f is canonical. ‘Then 
f-” is also canonical. 
If E r 0, then, by the uniform continuity off-l, there exists a 6 > 0 such 
Ij-‘(~Q--f-~(y~)l <&ify,,~~~ arein [O,l] and IyI -yz] (6. 
Suppose thatp is a canonical function such that [ f (6) --p(t)/ ==z 8 throug 
[O, 11. Then, as we now prove, p([f], [p]) G E. Let iz be a positive integer, and 
let x = (x1,x2, *. .,x,J and 4 = (ql,q2,. . .,qn) be admissible. Then 
+ f-’ i qjp[xj)) -p-’ -C 
I i j=l I i 
$ qjP(x3)1 ‘_ 
+ If’(p[p’ (j-$1 qjPCxj 
’ I.e., a restriction of a polynomial to [O, l] that is canonical. 
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and 
We show now the existence of a polynomial P with rational coefficients 
that is strictly increasing on [0, l] and such that P(0) = O,P(l) = 1, and 
If(t) -P(t)] < 6 throughout [0, 11. 
For each positive integer rn, consider 
IL(t) = jzof (A) (Y) t-v - v-j, 
the Bernstein polynomial of order m of J Clearly, B,(O) = 0 and B,(l) = 1. 
Moreover, B,‘(t) > 0 throughout [0, 11. In fact, a simple calculation (cf. [2], 
p. 12) shows that 
&‘(t) Et m ;g {f(G) -f(i)) (“I ‘) tq1 - ty--1-j. 
Sincefis continuous on [O, 11, there exists a positive integer n (22) such that 
If(t) - B,,(t)1 < 6/2 throughout [O,l]. Let B,(t) = C;=O b,tk. If the b, are all 
rational, we are finished. Suppose they are not all rational. Note that 
O=B,(0)=bOandthatl-B,z(l)=b,+b,f...+b,. 
Let a = tin,, t G 1 B,‘(t), * note that OL > 0. Select rational numbers a,?, a3,. . ., a, 
such that 0 < ak - bk < min((6/4n), (c+z)) (k = 2,3,. . .,n), and let al = 1 - 
c;=, a,. Then 
lb, - 4 1 = kz2 cak - bk> -=z G 6. 
Let P(t) E C;=i aktk. Then P is a polynomial with rational coefficients, 
P(0) = 0, P(1) - 1, and throughout [0, 11, I&(t) - P(t)] G zgll Ibk - a,] tk < 
(n- 1)63(4n)-‘-t-(iz- 1)8(4n)-‘c@. Consequently, maxoG tsl If(t)-P(t)] c 6. 
To prove that P is strictly increasing on [0, 11, it is sufficient o show that 
P’(t) > 0 throughout (0,l). But, if 0 < t < 1, then P’(t) - B,‘(t) > al - bI - 
ck2 @k - ak> ’ -+ - 1) cc/n > -cc, and, therefore, P’(t) > B,‘(t) - a a 0. 
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COROLLARY 2.1. The metric space of eqzhabnce classes of CM[O, l] r”z 
separable. 
3. TJXEMETRICSPACEOFCANONICALFUNCT~ONS 
In this section we examine the metric space of equivalence classes in more 
detail and determine a number of its properties, by showing that it is bomeo- 
morphic to the metric space of canonical functions. 
DEFINITION 3.1 S If the real-valued function f is continuous on its domain 
[O, 11, then, for each 8 > 0, we denote ~~(6) = sup (1 f(~r) - j&)1 : 0 =G -Y! G 1, 
0 < x2 Q 1: /x1- xz[ f 8). 
DEFINITION 3.2. If h is a bounded, real-valued function with domain [A, 
we denote llhjj = sup (Ih(x)j :A G x G B). 
LENA 3.1. Iff and g are canonical jkctions, thee 
/WI, Egl) F 2~rw-- gll), 
llf-’ - Pll G m-1, kl), 
and 
Proof. If x = (xi ,xzI . . .,x.) and q = (ql,q2,. . ., q,J are admissible, then, as in 
the proof of Theorem 2.2, 
< 2Qf-l(llf- gil), 
jzl qjf hj) - jgl U,SCxjl/ G j$l qjllf- g!j = /if-- g/l 
and 
This proves that pUf1, [gl) =G 2w,-t(llf- gll). 
212 CARGOANDSHISHA 
Next,letx,=O,xz=1,O<y<1,q,=1-y,andqz=y.ThenM,(x,q)= 
f-‘h f&J + qzf (x& =f-‘(~1 and Wkw) = g-‘(v). Consequently, 
If-‘(u) - g-‘(Y)1 =G PUL kl) whenever 0 <cy < 1. This proves that 
If-’ -g-‘/I G m-1, kl). 
Finally, if 0 < x < 1, then 
If(x) - &)I = Ifk-‘(&))I -fW’kW>>l G ~f(lk’ -PII>. 
Hence, If- gll G vAllf-’ - g-‘II> Q vMLfl~ kl>). 
THEOREM 3.1. The metric space of equivalence classes of CM[O, l] is homeo- 
morphic to the metric space of canonical functions with distance determined by 
the norm jl 11. 
Proof. Suppose that f is a canonical function. If E > 0, then there exists a 
8 > 0 such that 2w,@) < E. Ifg is a canonical function such that IIf--gl] < 8, 
then, by Lemma 3.1, p([f 1, [g]) < 2wf-l(ll f -g/l) < 20948) < E. This proves 
that the transformation f + [f ] is continuous at each pointJ 
Next, suppose that [f ] is an equivalence class of CM[O, l] where f is 
canonical. Given E > 0, there exists an q > 0 such that wf(v) < E. If [g] is an 
equivalence class of CM [0, 1 ] such that g is canonical and p( [ f 1, [g]) < q, then 
by Lemma 3.1, Ilf -gll G wAp([f I, MN G wdrl> -K 6. 
THEOREM 3.2. The metric space of equivalence classes of CM[O, l] is arcwise 
connected and locally arcwise connected, but it is not compact. 
Proof. To prove that the space is arcwise connected, it will suffice to prove 
that the metric space of canonical functions is arcwise connected. Suppose 
that f and g are two distinct canonical functions, and let fa = (1 - a)f + ag 
for every cc E [0, 11. Then it is clear that each fa is a canonical function. More- 
over, f. = f and f, = g. The mapping o! + f, is continuous at each point of 
[0, 11, is one-to-one, and, consequently, is a homeomorphism of [0, l] onto 
(f ,:O =z a,c 11, since [O,l] is compact. Moreover, if l/f --g/l < E, then 
Ilf -fall = I4w--gll < a~ < E whenever 0 < tc < 1; this proves that the 
metric space of canonical functions is locally arcwise connected, 
To prove that this space is not compact, consider the sequence of functions 
fiJ2d3~... where, for each positive integer n, fn(0) = 0, fn(') = 1 - 2-“, 
fn(l) = 1, and fn is linear on each of the intervals [O,$] and [& 11. Then each fn 
is a canonical function. If the metric space of canonical functions were com- 
pact, then some subsequencef,,&, f,,, . . . of the sequence f,, fi, f3,. . . would 
converge to a canonical function f. A fortiori, fn,(+), f&j&(+), . . . would 
converge to f (+), which is impossible, since f,(+) + 1 as k + a, and 
fW<f(l)= 1. 
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THEOREIVI 3.3. In the metric space of equivalence classes oif CM[O, 11, ne7 
nonempty open set has a compact closure. 
Proof. Suppose that G is a nonempty open subset of the metric space of 
canonical functions whose closure G is compact. Let f belong to G; and Iet 
E (0 K E < 1) be such that U(f, E) E G, where U(f5 E) denotes the set of al1 
canonical functions g for which Ilf - gj/ < E. 
Let 5 = +(l + f-‘(1 - E)}; and consider the sequence of functions g,,g,, 
where, for each positive integer n, g,(x) =f(x) if 0 < x <f-l(l - e), 
f&j= 1 - &-2-n, g”(l) =: 1, and g,, is linear on each of the intervals 
[f-“(1 - E),S] and [e, 11. Then g, belongs to Uiy, E) (12 = 11,2, I = .) Let 
&;&,&,5 ‘ -. be a subsequence of gl,gz,g3,. .= converging to a point g in G. 
Thus, lim,, ;og,&) = g(t) < 1 = lim,, m g,,(f), a contradiction. 
CoRouuY 3.1. The metric space of equivalence classes of CM[O, 11 is not 
locally compact. 
COROLLARY 3.2. In the metric space of equivalence classes ofCM[O, 13, every 
compact set is nowhere dense. 
Proof. Let C be a compact subset of the space. The interior of C must be 
empty, by Theorem 3.3, since it is open and its closure is compact. 
We note that the homeomorphismf-t [f] is not isometric; in fact, it is not 
even uniformly continuous, as the following example shows. For each positive 
integer n, let fn becthe function with domain [0, l] such that fn(Q) = 0, J,(3) = 
1 - 2-n,~n(l) = 1, and such that fn is linear on [O,+] and on [$, I]. Ifrn > t2 2 1, 
then llfm -fall < 27 but, by Lemma 3.1, p([fml, Ifnl) a IV;,” -f;‘ll, and a 
simple calculation shows that IIf;’ - f;‘lj > 1 f ;l(l - Tm> - f;"(l - I.Tv>~ = 
q(n - 2,-9 > $. 
THEOREM 3.4. The metric space of equivalence classes of CM[O, 1] is bounded 
and has diameter 1, but it is not totally bounded. I/z fact, if0 c E -C 1, then the 
space contains no c-net. 
ProoJ That the diameter is 1 can be shown by using the second inequaiity of 
Lemma 3.1. Suppose that 0 -K E < 1. Then, given any finite set ([,G], [f2],. ~ ‘5 
[fn]> of equivalence classes in CM[O, I], we shall prove that there exists a 
function f~ CM[O, l] such that p([f], [Xl) > E for each k = 1,2,. a .,n. We 
assume, without loss of generality, that each fk is canonical. For each 
k=12 ) , *. .,n, let 6, be such that 0 < 8, < 1 and f ;l (x) -K +(l - E) whenever 
O<x<&. Let 6=min@,:k= 1,2 , . . ., rz}. Let h be the function with domain 
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[0, l] such that R(O) = 0, h(l) = 1, h(8) = E + $(l - E), and such that h is linear 
on [0,&J and on [a, 11. Letf= h-r. Then, according to Lemma 3.1, for each 
k= 1,2 ,..., rz, 
At-l, VJ) a IIf-’ --ml 
= llh -fi’ll 
> h(6) -fkl@) 
> E + +(l - E) - +(l - C) 
= E. 
4. DETERMINATIONANDESTIMATIONOPDISTANCES 
We now consider the question of determining explicitly the distance 
~([f], [g]) when the functions f and g are specified. We also consider the 
question of estimating the distance when the functions satisfy certain smooth- 
ness conditions. 
For certain special functionsf, g, the distance p([f]), [g]) can be determined 
at once from known complements of classical inequalities. We mention just 
one example. Shisha and Mond ([3], p. 301) have proved 
THEOREM 4.1. Let q1,q2,. .., qn be positive numbers with CJEI qj = 1, let 
O<a<b,y=b/a,andleta~x~~b(j=1,2,...,n).Then 
l&uality holds ifand only ifthere exists a subsequence (j, , j2, . . ., j,) of (1,2,. . ., IZ) 
SUCK that x$= 1 qj, = (1 + ~-l’~)-‘, Xj,,, = b (m = 1,2,. . .,p), avtd xj = a for every 
j distinct from all j,. 
This, in conjunction with the familiar fact that a (weighted) harmonic 
mean never exceeds the corresponding arithmetic mean, yields at once the 
following 
COROLLARY 4.1. Let 0 < a < b, and let f(t) = t, g(t) = t-‘, a G t G b. Then 
p([f 1, [g]) F (b’j2 - a1/2)2. 
Next, we estimate p([f 1, [g]) in several ways. 
THEOREM 4.2. If f and g are canonical functions and iff -I has a bounded 
derivative on [0, 11, then p([f 1, [g]) G 2ll(f -‘)‘11*11 f - gll. (Here and below, hrst 
and second derivatives at end points mean onesided derivatives.) 
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Proof. According to Lemma 3.1, p([f], [g]) G 2w&[[f-- gii). The desire 
conclusion follows at once from the mean-value theorem. 
THEOREM 4.3. If f, g E CM[a, b], then 
Pw-I, [SD G tll~f-‘>‘1l~1l~f~~-“~“li~1~~~~ --dd2Y 
provided the right-hand side of the inequality exists. 
ProoJ: Let h-fog-‘, let IT.> 1, let x=(xI,x2,...,x,) andq=(ql,q2,...rqJ 
be admissible, and let yj = g(Xj) (j = 1,2,. . ., rz). By the mean-value theorem, 
for some a in the open interval joiningf(a) to f(b), we have 
Using the mean-value theorem a second time, we conclude that there exist 
pointszl,zz~.,., z,, in the open interval joining g(a) to g(b), such that 
M,(x,q)-M,(x,q)=(f-')'(a)[ql{(l -4933 -w2- ma" --w4~'i~~l 
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Using the mean-value theorem a third time, we conclude that there exist 
points Wij (1 G i <j G n) in the open interval joining g(a> to g(b), such that 
(f-‘>’ tE> 1 <zjGn 4iqj(Yi - YJ (12’(23 - h’(zj)l 
= (f-9’ Cal , .z j<n 4i 4jCYi - V.J Czi - zj) h”( wij>* 
Consequently, 
1”f(x~q)-Mg(x3q)l G lCf-l>‘(a~ll~i~~n 4i4jlYi-~jl’lZi-Zjl.Ik”(1Dij>l 
. . 
G IIU-l>‘ll*ll(fo g-‘>“ll’ I&) -Sta>12 C 414P 
lCi<j<n 
Next, let US prove that zr<i<j<n qiqj < 3. By Cauchy’s inequality, 
l = jgl l’4j 
( > 
2 
G I2 jgl 4j*- 
Thus, 
Therefore, 
This establishes Theorem 4.3 if the multiplicative factor $ is replaced by 3. 
To show that the multiplicative factor can be taken to be 4, we prove first 
LEMMA4.1.Supposetlzatn>l,A<B,qj>O(j=1,2,...,n),~~=1qj=l, 
andA< Yj<B(j=1,2,...,n).Then 
Ici~jcnqiqdyi- Yj>GHB-A)- . . 
Equality holds if and only if there exists an integer J such that 1 G Jc n, 
41 f-q* + *-- +qJ=q5+,+...-t-qn,YI=Y2=...=YJ=B, and YJ+,=...= 
Y,=A. 
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prOOf* ~I~i<j<n9i4j (Yi - Yj) = I;=, %j Yj where 
aI=9,(92+93+94+~‘.+9”): 
a2=92(-91+93+94+...+9~), 
a3=93(-91-92+94+..~+9~;1), 
a” = 4a(-41 - 42 - 43 - * * - - %-I)= 
Note that aI > 0, 3(, < 0. Moreover, if %j G 0 for somej < n, then E:+~ -c 
since 
- 2-qj+* -qj. aj+l 
%+l 9j 
This proves that there exists an integer J, 1 G J < n, such that “j > 0 ifj G J, and 
a,- < 0 if j > J. Let Yj’ = B if j < J, Y,.’ = A if j > J. Then, clearly, 
l<izj<n 9i4j(Y,- yj)= j$I aj Yj . . 
n 
< 1 aj Yj’ 
j-1 
= I<zjcn 4i4Ayi’ - y4:) . . 
= 2 i: 4i9j(B-AA) 
i=l j=Jfl 
as desired. If equality holds, q1 + q2 + . . D + qJ = qJ+l + s - a + qn = 3. Then 
aJ=qJ2>0;and,hence, Y,= Y2=...= Y,=Band YJ,,=...YB=A,The 
sufficiency of the condition for equality also follows easily. 
Returning to the proof of Theorem 4.3, let (kl,kz, . . .,k,,) be a permutation 
of (1,2,..., ~2) such that ykl > ykq .. . > yknkn. Then 
lK&v?) - %kw)l 
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COROLLARY 4.2. Iff, g E CM[a,b], then 
provided the right-hand side of the inequality exists. 
Proof. This follows at once from the facts that 
and 
(f-1)’ = l 
f’ 
(f. gm’)” = (g’ 0 g-9 (f” 0 g-9 - (f’ 0 g-‘1 k” 0 ‘0 
k’ 0 g-‘)3 
=-- 
[ 
1 f’ ’ og-’ 
( )I g’ g’ - 
COROLLARY 4.3. Zff, g E CM[a,b], then 
PWI), kl> G 311U-1>‘II~ IKf 0 9-W * I g@) - da>l 
provided that all expressions involved exist. 
Proof. In the proof of Theorem 4.3, note that Ih’(zi) - h’(zj)l < 2llh’ll. Then 
use the fact that (f o g-l)’ = (f’ o g-‘)/(g’ o g-r). 
Remarks. (1) In connection with Theorem 4.3, we note that, if F-f 
and G N g, then, as one would expect, and as a straightforward calculation 
shows, 
W-‘>‘ll~ll(Fo G-‘>‘I~ I@@ - WI2 
= IKf -9’ll. IKf 0 g-WI - I g@) - dQ>12. 
(2) Iff (t) = t and g(t) = P for each t E [0, I], then 
2lKf -‘>‘I1 * Ilf - AI = 3 = #I (f -‘>‘I1 . IKf 0 g-WI . IgU) - dW. 
In this case, Theorems 4.2 and 4.3 give the same estimate. From Lemma 3.1 
we conclude that p([f],[g])a [If-' -g-'II =a. 
(3) Let h(t) = t sin (nt/2) for each t E [0, 11. Then h(0) = 0, h( 1) = 1, and 
h’(t)=t;cosGt)+sinGt)>O 
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if 0 < t G 1. Thus, h is a canonical function, and so is its inverse. Letf(t) = t 
and g(t) = k-‘(t) throughout [0, 11. Then Il(f-“)‘il= 1, and 
(fo g-‘)“(t) E h”(t) 
Since 
if 0 < t G 1, it follows that [l(f a g-‘)“I[ = rr. Hence, 
tll(f-‘>‘ll~Il(fo g-‘>“k I&m --ml” = f. 
In this case, 2~i(f-‘)‘~~~l~f--g~~ is not easy to evaluate. Thus, Theorem 43 is 
sometimes easier to use than Theorem 4.2. 
(4) If f(t) = t and h(t) =S(t3 +2t) for each t E [O,l], and if g- kk, 
then ~~l(~-l)‘~~~~~(fo g-‘)“j/.]g(l) -g(0)12 = 3. Next, let us prove that 
Iif- g/j = $4:‘. Clearly, g-‘(t) = +(t3 + 2t) < t if 0 < t < 1. Consequently, 
f(t) - t G g(t) throughout [0, 11. Moreover, g(0) -f(oj = g(l) -f(l) = 0, and 
(d/dt) [g(t) -f(t)] = 0 if and only if g’(t) = 1. But $[g3(t) + 2g(t)] = t: and so 
+[3g2(t)g’(t) + 2g’(t)] = 1. If 0 < t < 1 and g’(t) = 1, then +[3g2(t) -t- 2]= I, 
g(t) = d$, and t = +[(d$)” + 2d$] = a<+. Consequently, /If-- gjl must be 
equal to g(sdJ) - f (sd$) = 43 - $48 = $I$. Hence, 
and, in this case, Theorem 4.2 gives a sharper estimate then Theorem 4.3. 
5. SOME FURTHER REMAMS 
Let CEO, l] denote, as usual, the metric space of all continuous, real-value 
functions with domain [0, I]. Since every subset of a separable metric space is 
separable, it follows that the metric space of all canonical functions is, like 
C[O, I], separable. Hence, Corollary 2.1 is a consequence of Theorem 3.1; 
and, in a sense, Theorem 2.2 is redundant. However, our motivation for 
including Theorem 2.2 was that it raises a number of interesting questions 
belonging to approximation theory. 
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Also, a natural question to ask is, whether or not the metric space of equi- 
valence classes of CM[O, l] is complete. If it is not, how does its completion 
compare with that of the metric space of canonical functions ? 
6. SIMULTANEOUS REDUCTIONOFGENERALIZEDMEANS 
In the remark following Definition 2.3, we asserted that the supremum in 
that definition is actually attained. This assertion is an immediate consequence 
of the following Theorem 6.1, since the function 
If-‘t Q, .0x,> + Qz fWJ> - g-‘{Ql gtx,) f Q,gWJ>I 
is continuous on the compact subset 
((X,,X,,Q,,Q,>:a~x,~b,a~X,~~,Q,~O,Q,>O,Q,+Q,=l~ 
of Euclidean 4-space. 
THEOREM 6.1. Suppose that f,g E CM[u,b]. If x = (x1,x2,. .,x,) and 
q=tq1,42,..., q,,) are admissible, then there exist admissible X= (XI, X2) and 
Q = tQ1, QJ such that MAx,q) = Fax, Q) a~~dM,b,q) = M,tX, Q>. 
Proof. Note that 
A = ( jt, qj f(x.L)v jz, qjg(x,)) = jzl qjtf(Xj),g(Xj)) 
is a point in the convex hull of the curve P= {(f(x),g(x)):a G x G b}. Also, 
note that Fis a connected subset of the plane. If A lies on r, then it is equal to 
(f(X),g(X)) for some X E [a,b]. In this case, let Xi = X, = X and Q, = 
Qz=3. 
If A # r, then, according to an extension of Caratheodory’s theorem 
(cf. [4], p. 35), there exist two distinct points in P, say, (f(X,),g(X,)) and 
cf(X,),g(X,)), where Xi, X, E [a, b], such that the line segment joining them 
contains A. Thus, there exist positive numbers Qi, Q,, with Qr + Q2 = 1, 
such that 
and 
This completes the proof of the theorem. 
Remarks. (1) Theorem 6.1 can obviously be generalized. 
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(2) It is not possible to strengthen the conclusion of Theorem 6.1 by asserting 
that X, can always be taken to be either a orb. To see this, letf(x) = x through- 
out [0, 1 I9 let g be the function whose graph is shown in Figure 1, and consider 
the point P, which is in the convex hull of the curve {(f(x),g(x)>:O Q x G I), 
I Figure 1 
(3) The proof of Theorem 4.3 can be substantially simplified by using 
Theorem 6.1. 
(4) The following is a simple application of Theorem 6.1. If 0 -C a G X, G b: 
a<XXz<bb,Qlz=-0,Qz>0,andQl+Q2=1,then 
It now follows from Theorem 6.1 that, if 8 < a < xj < b (j= 1,2, r. .,B), 
$>O(j= 1,2,..., II), and C;= i qj = 1, then 
a well-known inequality due to Kantorovich, 
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